Abstract-Families
I. INTRODUCTION
To build efficient code-division multiple-access (CDMA) communications systems one needs large families of easily generated sequences with low pairwise shifted cross correlations. It is often desirable that these sequences have various additional properties. It is thus useful to have many families of sequences whose pairwise cross correlations are known to be low.
Several classes of sequences whose correlation properties have been studied are described by applying a function g on a finite field to successive powers of a primitive element. In several cases, the function is best described as a composition of functions g = f h, where h maps from a large field to an intermediate subfield, and f maps from the intermediate field to a subfield of the intermediate field. Sometimes h is a trace function and f is arbitrary [13] . In other cases, f is a trace function and h is chosen from a suitable family [9] , [11] , [17] . In the case of Gordon-Mills-Welch (GMW) sequences, h is a power of a trace function [9] . In the case of generalized GMW sequences, f is the trace of Ax + Bx p+1 for some A and B [20] . 
We can express this in terms of matrices. Let N h ;h be the p 2n by 1 matrix whose (u; v)th entry is N h ;h (u; v). Let B f ;f be the 1 by p 2n matrix whose (u; v)th entry is
Now let tr be the trace function from Fq to Fp. We want to relate 0 f ;h ;f ;h to the set of 0 tr;h ;tr;h where h 0 1 and h 0 2 vary in H. In particular, for x; y 2 F q , let (2) Also, we have
where f (x) = u2F f (u)0tr(xu) is the Walsh transform of the function f . Now let T = ftrg. We want the remaining nonzero terms to be nontrivial correlations of functions in the family ftr h : h 2 Hg. If h 1 = ch 2 , then 0 tr;xh ;tr;xch = 0 tr;xch ;tr;xch is the cross correlation of a function with itself, and all such 0 tr;xh ;tr;xch equal q e . Thus, we must know that the sum of the coefficients of all such terms in (3) is zero. That is,
This must hold as long as f1 6 = f2 or c 6 0; 1modq e 0 1. This amounts to saying that f 1 and f 2 have ideal shifted cross correlations.
But it follows from Welch's bound that this is only possible if F consists of a single function with ideal autocorrelation.
Finally, we must assume that this is the only way that tr(xh 1 (z)) and tr(xh2(z)) can be equivalent. Thus, the point defined by the Walsh transform is on the sphere with radius q. We can take absolute values of the coordinates and thus assume the point is in the positive hyper-quadrant. Thus, we want to find the maximum z such that the hyperplane x 1 + 111+x q = z has nonempty intersection with the sphere of radius q. This must be the z such that the corresponding hyperplane is tangent to the sphere, and thus the (unique) intersection point satisfies x 1 = x 2 = 11 1x q def = x. Thus, There are many families of sequences that arise from functions of the form tr h whose correlations are known. Corollary 1 can be applied immediately to these sequences for any appropriate function f .
For example, for f (x) = tr(Ax 1+p ), the rank of f has been fully analyzed (see, e.g., [10] , [12] ). Such known results can now be used to obtain new families with known bounds on their shifted correlations.
The new results can also be used to improve existing bounds for some families. For example, Sun, Klapper, and Yang [20] Such exponential sums were studied by Carlitz [6] 
Alternatively, we can use the Weil's bound: if a polynomial f (x) in one variable x 2 Fq has degree r relatively prime to q, then [21] x2F (01) f(x) (r 0 1)q 1=2 :
The condition on r can, in fact, be relaxed [5] , [14] . If f is not affine, this leads to the bound
This gives a better bound than (4) when (r 0 1)
Thus for every x we have jf(x)j 2 = qjf (x)j. That is, f (x) = 0 or jf(x)j = q. But by Parseval's theorem, jf(x)j = q for at most one value of x. It follows from the inversion formula that f (z) = tr(az)+ c for some constants a and c, which gives us essentially the original family.
III. CONSTRUCTIONS OF GOOD FAMILIES
We can obtain nearly optimal bounds if we can choose f so it has few nonzero Walsh coefficients f (x). However, despite the inversion formula, these coefficients cannot be chosen arbitrarily. For example, Parseval's theorem must hold. One way to obtain good examples is to choose f to be linearly equivalent to a k-resilient (that is, balanced and kth-order correlation immune [19] ) function for large k. This is equivalent to saying that for all x with Hamming weight at most k, f (x) = 0 [22] . This guarantees that the sum of the absolute values of the Walsh coefficients is small. It follows that for such f M qjfx : f (x) 6 = 0gj x and y are nonzero, then tr(xh 1 (z)) and tr(yh 2 (z)) are inequivalent;
2) ftr h : h 2 Hg has shifted cross correlations bounded by K;
3) f has ideal autocorrelations and is k-resilient.
Then ff h : h 2 Hg has shifted correlations bounded by n0k01 i=0 n i K:
Unfortunately, while there are several constructions of k-resilient functions (see, for example, the constructions due to Siegenthaler [19] , Camion, Carlet, Charpin, and Sendrier [1], Carlet [4] , and Maitra and Sarkar [18] ), it remains as an open problem to find k-resilient functions with ideal shifted autocorrelations and k > 2. It may very well be that no such functions exist, which would render Corollary 2 uninteresting.
Another approach is to use functions known to have ideal autocorrelations and to find a bound on the sum of the absolute values of their Walsh coefficients. In what follows, let K be a bound on the pairwise cross correlations in a family of functions ftr h : h 2 Hg, and let C denote the bound we obtain on the pairwise cross correlations in a family of functions ff h : h 2 Hg by bounding M .
As a first method, choose such that gcd(; q 01) = 1 and 2 Fq. Thus, the Boolean function f (x) = tr(x ) has ideal autocorrelations. In the binary case, the support of f is a Singer cyclic difference set. There are several cases that can be considered.
Suppose n is odd. If is chosen so that 02 k + 1 (gcd(k; n) = 1) give almost bent functions (cf., e.g., [2] , [3] ). When p = 2, there is a method for constructing the functions we need due to Maschietti [15] . Let be an integer such that gcd(; 2 n 0 1) = 1 and the map h : x 7 ! x + x is 2 to 1. Then F q nfx + x ; x 2 F q g is the support of a function f with ideal autocorrelation. Singer sets with = = 1 correspond to = 2. For n 5 odd, we can take = 6 (the so-called Segre case). For n 7 odd, we can take = + or = 3 + 4, where = (n + 1)=2 and = 2 (n+1)=4
if n 3mod4 and = 2 3(n01)=4+1 if n 1mod4.
Such a function f is balanced by the fact that h is 2 to 1. We also have, for every nonzero a f(a) = x6 2S 
